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We study static, spherically symmetric black holes supported by Euler-Heisenberg theory of
electrodynamics and coupled to two different modified theories of gravity. Such theories are the
quadratic f(R) model and Eddington-inspired Born-Infeld gravity, both formulated in metric-affine
spaces, where metric and affine connection are independent fields. We find exact solutions of the
corresponding field equations in both cases, characterized by mass, charge, the Euler-Heisenberg
coupling parameter and the modified gravity one. For each such family of solutions, we characterize
its horizon structure and the modifications in the innermost region, finding that some subclasses are
geodesically complete. The singularity regularization is achieved under two different mechanisms:
either the boundary of the manifold is pushed to an infinite affine distance, not being able to be
reached in finite time by any geodesic, or the presence of a wormhole structure allows for the smooth
extension of all geodesics overcoming the maximum of the potential barrier.
I. INTRODUCTION
Black holes are one of the most fascinating objects in
Nature. Originally obtained as exact solutions of Ein-
stein’s field equations, their properties were poorly un-
derstood for decades until becoming nowadays a full-
fledged member of the family of astronomical objects.
From a mathematical point of view, they can be formed
from a regular distribution of matter in such a way that
a trapped surface is developed [1]. From an astrophys-
ical viewpoint, the gravitational collapse out of fuel-
exhausted main-sequence stars (& 25M) provides the
physical mechanism for such a generation [2]. Moreover,
no matter the properties and/or symmetries of the orig-
inal configuration, the outside metric to the end-state of
such a collapse will be always the Kerr-Newman solution,
described solely by three parameters: mass, charge and
angular momentum [3]. Over the years, we have accumu-
lated plenty of evidence on the reliability of the simpler
Kerr solution (since charge can be typically neglected in
astrophysical environments [4]) to describe such objects,
as follows from observations of the X-ray radiation emit-
ted from the inner part of their accretion disks [5, 6],
from gravitational wave emission out of binary mergers
[7, 8] and from the imaging of the neighborhood (i.e. the
shadow) of the central supermassive object of the M87
galaxy [9].
Given the remarkable agreement between the theoreti-
cal predictions and the astronomical observations regard-
ing black holes, it is worth taking seriously another key
feature of their theoretical description, namely, the ex-
istence of space-time singularities deep inside them [10].
Indeed, as long as General Relativity (GR) holds, the the-
orems on singularities [11, 12] (for a pedagogical discus-
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sion see e.g. [13]) tell us that the development of a focus-
ing point at a finite affine time for some set of geodesics in
the innermost region of a black hole (r = 0 in the case of
a spherically symmetric black hole) is unavoidable pro-
vided that standard energy conditions are satisfied by
the matter fields. Now, since null and time-like geodesics
are associated to the trajectories of light rays and the
free-falling of physical observers, respectively, the incom-
pleteness of any of them is an utterly unpleasant feature,
being linked to the lack of predictability of our physical
theories. Typically, cosmic censorship arguments are de-
veloped [14] in order to cover such singularities behind
an event horizon, so as not to have observable effects
on asymptotic observers. However, it is distressing that
one needs to hide under the carpet such an abhorrent
feature of an otherwise observationally successful object
(outside its event horizon). Therefore, several arguments
have been developed in order to overcome this difficulty
without jeopardizing the exterior physics to the horizon,
the jewel of the crown being the hyphotesis that quantum
gravity effects should come to rescue when the growth of
curvature approaches the Planck scale [15].
The question on how to incorporate such effects has
received many different answers along the decades. To
play as conservatively as possible, one way to address
them is via effective modifications of the gravitational ac-
tion [16, 17], which could be able to provide some hints
on the transition from the classical (GR) regime to the
quantum non-classical one and, moreover, to yield new
phenomenology in astrophysical environments [18]. This
way one can still safely use the tools of the differential
manifolds paradigm but modifying/reinterpreting some
of its building blocks. This is the path followed in the
present work, where we shall adhere to the spirit of the
Equivalence Principle, guaranteeing the universality of
free-fall motion while keeping the minimal coupling of
the matter fields to the gravitational sector, but restore
the metric and the affine connection to their status as
independent entities (Palatini or metric-affine approach
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2[19]). Indeed, GR can be consistently formulated as a
metric-affine theory, with the variation of the Einstein-
Hilbert action with respect to the independent connec-
tion yielding the metric-connection compatibility condi-
tion (which is imposed ab initio in the metric formula-
tion), and the predictions of this formulation are exactly
the same ones as those of metric-formulated GR [20].
However, when more general actions are considered, the
dynamics of metric-affine gravities strongly departs from
their metric cousins, offering new ways of addressing the
issue with space-time singularities.
For the sake of this paper, we shall consider two well
known gravitational extensions of GR: quadratic f(R)
gravity [21] and Eddington-inspired Born-Infeld (EiBI)
gravity [22]. As the matter sector we shall use an old
acquaintance of the singularity-regularization attempts:
nonlinear electrodynamics [23–33]. Indeed, way before
the scale where quantum gravity effects are expected
to be excited in the innermost region of black holes,
the growth of the electric field would induce quantum
vacuum polarization effects modifying the classical de-
scription of Maxwell electrodynamics. In an effective
approach, such effects to one loop and in the slowly-
varying approximation can be incorporated by adding
a quadratic piece in the electromagnetic field invariants
to the Maxwell Lagrangian, yielding the so-called Euler-
Heisenberg electrodynamics [34, 35]. Within GR such
a model has some nice properties, like a finite energy
associated to the system of point-like charges and the
existence of new gravitational configurations in terms of
the structure of horizons [36–38]. However, space-time
singularities still plague all such configurations, and sim-
ilar comments apply to any nonlinear electrodynamics
satisfying physically reasonable conditions [39].
The main aim of this work is to find static, spher-
ically symmetric solutions corresponding to quadratic
f(R) and EiBI gravity coupled to Euler-Heisenberg elec-
trodynamics and investigate the existence of nonsingu-
lar black holes in both frameworks. We shall find that
both of them have a branch of solutions (as given by the
combination of the sign of the gravity and matter pa-
rameters) allowing for the completeness of all null and
time-like geodesics. This restoration of geodesic com-
pleteness is achieved via two different mechanisms: in
the first one the focusing point is pushed out to an in-
finite affine distance preventing any set of geodesics to
reach it in finite affine time, while in the second one a
defocusing sphere is created at some finite affine distance
represented by a wormhole throat with a finite area, in
such a way that those geodesics able to overcome the
potential barrier can be smoothly extended through the
throat to another asymptotically flat region of the man-
ifold. We shall furthermore discuss how these partic-
ular results fit within general studies aimed to achieve
singularity-avoidance without breaking basic mathemat-
ical requirements or getting into contradiction with ob-
servations.
This work is organized as follows: in Sec. II we in-
troduce the basic framework in terms of metric-affine
gravities and Euler-Heisenberg electrodynamics. In Sec.
III we find spherically symmetric solutions for quadratic
f(R) gravity and discuss their properties, with particular
emphasis on the horizon and geodesic structure. A sim-
ilar analysis is carried out for EiBI gravity in Sec. IV.
Finally in Sec. V we summarize our findings and further
discuss our results.
II. THEORETICAL FRAMEWORK
A. Metric-affine gravities
For the sake of this work, we shall establish the theoret-
ical framework for the subclass of metric-affine gravities
dubbed as Ricci-based gravities (RBGs), defined by the
action
Sm = 1
2κ2
∫
d4x
√−gLG(gµν , Rµν(Γ)) + Sm(gµν , ψm) ,
(1)
where κ2 is Newton’s constant in suitable units, g
is the determinant of the space-time metric gµν , the
Ricci tensor (assumed to be symmetric) Rµν(Γ) ≡
Rαµαν(Γ) is solely built out of the (torsion-free [40])
affine connection Γ ≡ Γλµν and the matter action Sm =∫
d4x
√−gLm(gµν , ψm) is assumed to depend only on the
space-time metric and on a set of matter fields ψm but
not on the connection, to ensure the fulfillment of the
equivalence principle. These constraints upon the build-
ing blocks of the action (1) guarantee the second-order
and ghost-free character of their field equations [41, 42].
Moreover, they imply that RBGs do not propagate ex-
tra degrees of freedom beyond the two polarizations of
the gravitational field of GR and may pass solar system
tests provided that the modifications to GR occur in the
ultraviolet limit.
From independent variation of the action (1) with re-
spect to metric and connection, the resulting field equa-
tions may be conveniently written in the Einstein-like
representation
Gµν(q) =
κ2
|Ω|1/2
[
Tµν − δµν
(
LG + T
2
)]
, (2)
where Gµν(q) is the Einstein tensor of a new rank-two
tensor qµν satisfying ∇µ(√−qqαβ) = 0 (so that Γ is Levi-
Civita of q). This tensor is related to the space-time
metric as
qµν = gµαΩ
α
ν , (3)
where the explicit shape of the deformation matrix Ωµν
(vertical bars denoting its determinant) depends on the
particular LG chosen, but can be written always (and
so does LG itself) on-shell in terms of the stress-energy
tensor Tµν ≡ 2√−g δSmδgµν (with T denoting its trace) and
possibly the space-time metric as well. Therefore, the
right-hand side of the field equations (2) can be read off
as representing an effective stress-energy tensor [43].
3B. Euler-Heisenberg electrodynamics
Nonlinear electrodynamics (NED) are described by a
Lagrangian density
Lm = ϕ(X,Y ) , (4)
where X = − 12FµνFµν and Y = − 12FµνF ∗µν are the two
electromagnetic field invariants which can be built out of
the field strength tensor, Fµν = ∂µAν − ∂νAµ, and its
dual F ∗µν = 12
µναβFαβ . The corresponding field equa-
tions are written as ∇µ(ϕXFµν + ϕY F ∗µν) = 0, where
ϕX ≡ ∂ϕ∂X and ϕY ≡ ∂ϕ∂Y . For electrostatic configurations,
the only non-zero component is Ftr ≡ E(r), and the field
equations in a static, spherically symmetric space-time
can be written as
Xϕ2X =
q
r4
, (5)
where X = E2 and q is an integration constant identified
as the electric charge for a given configuration. The NED
stress-energy tensor
Tµν = 2(ϕXF
µ
αF
α
ν − ϕY FµαF ∗αν)− ϕ(X,Y ) , (6)
for electrostatic configurations can be conveniently split
into 2× 2 blocks as
Tµν =
1
8pi
(
(ϕ− 2XϕX) Iˆ2×2 0ˆ 2×2
0ˆ 2×2 ϕ Iˆ2×2
)
, (7)
where 0ˆ2×2 and Iˆ2×2 are the 2× 2 zero and identity ma-
trices, respectively. From this expression, the trace reads
T = 12pi (ϕ − XϕX), which is non-vanishing as long as
ϕ 6= X (Maxwell electrodynamics).
For the sake of this paper, we shall restrict our consid-
erations to the case of Euler-Heisenberg electrodynamics,
which is described by the particular function1
ϕ(X) = X + βX2 . (8)
For this theory, the NED field equations (5) for (electro-)
static, spherically symmetric fields read
E + 2βE3 =
q
r2
. (9)
As can be easily verified, at r → ∞ this theory recov-
ers the Coulomb field, E = q/r2, while for r = 0 we
have instead E = (q/2β)1/3r−2/3. In the latter limit,
the contribution to the energy of the EH field behaves
as ∼ ∫ T 00 r2dr ∼ r1/3 → 0, which implies that the total
1 When considering the effective limit of quantum electrodynamics
this Lagrangian picks another term in Y , which is vanishing for
the electrostatic configurations of this paper. In such a limit, β
takes the value β = 2α
2
45m2e
[44], where me is electron’s mass and
α the fine structure constant. However, for the purposes of this
paper we shall take β as a free parameter.
energy associated to electrostatic configurations in EH
electrodynamics is finite.
The field equations (5) for EH electrodynamics can be
solved in exact form as
X(r) =
[
3
√
U +
√
V 3 + U2 +
3
√
U −
√
V 3 + U2
]2
,
(10)
where U =
q
4βr2
and V =
1
6β
. To work with dimension-
less variables, let us introduce a new length scale as
r4c = 54pil
2
β r
2
q , (11)
with l2β = β/κ
2 the squared NED length and r2q =
κ2 q2/(4pi) the squared charge radius. This way, Eq.(10)
can be rewritten in terms of the dimensionless coordinate
z = r/rc as
X(z) =
1
6β z4/3
[(
1 +
√
1 + z4
)1/3
+
(
1−
√
1 + z4
)1/3]2
.
(12)
Moreover, we can get rid of cubic roots via the alternative
expression [45]
X(z) =
2
3β
Sinh2
[
1
3
ln
(
1
z2
(
1 +
√
z4 + 1
))]
. (13)
In terms of this dimensionless variable the stress-energy
tensor (7) for EH electrodynamics reads
Tµν =
1
8pi
( −X(1 + 3βX) Iˆ2×2 0ˆ 2×2
0ˆ 2×2 X(1 + βX) Iˆ2×2
)
(14)
such that its components are found upon substitution of
(13). From this form of the stress-energy tensor it can be
verified that EH electrodynamics satisfies the weak en-
ergy condition. Moreover, when coupled to the Einstein-
Hilbert action of GR, the finite character of the elec-
trostatic solutions of this theory manifests in the fact
that, besides configurations with two or a single (de-
generate) horizons and naked singularities, typical of the
Reissner-Nordstro¨m solution of GR, there are also con-
figurations with a single non-degenerate horizon (resem-
bling the Schwarzschild black hole). However, in all cases,
a singular behaviour is found as follows from the geodesic
incompleteness of all such solutions (see however [46]).
III. QUADRATIC f(R) GRAVITY
A. Derivation of the solution
Our first RBG model to be analyzed is quadratic f(R)
gravity, given by the Lagrangian density
LG = f(R) = R+ αR2 , (15)
where α is a constant with dimensions of length squared.
For f(R) gravity, the trace of the RBG field equations
4provides us with the following relation RfR − 2f = κ2T
(with fR ≡ df/dR), which tells us that the curvature
scalar can be removed in favour of the trace of the stress-
energy tensor. This fact implies that only NEDs with
a non-vanishing trace will yield new dynamics as com-
pared to GR, being the case of the EH electrodynamics
considered in this paper. Moreover, for the quadratic
Lagrangian (15) the above equation yields R = −κ2T ,
which is the same relation as in GR.
The gravitational field equations (2) in f(R) gravity
boil down to
Rµν(q) =
1
f2R
(
f
2
δµν + κ
2Tµν
)
, (16)
while the deformation matrix in this case becomes Ωµν =
fR δ
µ
ν . Therefore, from (3) the space-time metric gµν is
conformally related to the Einstein frame metric qµν as
qµν = fR gµν , (17)
where we recall that fR ≡ fR(T ). Let us proceed with
the resolution of the field equations (16). To work as
general as possible, at this stage we shall not impose
constraints upon the shape of the function ϕ(X). We
begin by considering a static, spherically symmetric line
element for the qµν geometry as
ds2q = −A(x)e2ψ(x)dt2 +
dx2
A(x)
+ x2dΩ2, (18)
where ψ(x), A(x) are the two metric functions, and
dΩ2 = dθ2 + sin2 θdφ2 is the volume element in the
unit two-spheres. Now, using the symmetry in 2 × 2
blocks of the stress-energy tensor (7), the combination
Rtt − Rxx = 0 of the field equations (16) allows to set
ψ(x) = 0 in (18) without any loss of generality. Now,
defining the usual mass ansatz
A(x) = 1− 2M(x)
x
, (19)
we plug it into the remaining non-vanishing component
of the field equations as
Rθθ =
1
x2
(1−A− xAx) = 2Mx
x2
. (20)
Equaling it to the right-hand side of the field equations
(16) we find that the mass function satisfies
Mx =
x2
2f2R
(
f
2
+
κ2ϕ
8pi
)
. (21)
We next need to express this function in terms of the
radial coordinate of the space-time metric gµν , the latter
having the line element
ds2 = −C(x)dt2 + dx
2
B(x)
+ r2(x)dΩ2 , (22)
with C and B new functions to be determined. Eq.(17)
tells us that the relation between the radial coordinates
on both frames is given by
x2 = r2fR . (23)
Taking a derivative here with respect to r and inserting
the result in (21) we arrive at
Mr =
r2
4 f
3/2
R
(
f +
κ2ϕ
4pi
)(
fR +
r
2
fR, r
)
. (24)
Moreover, by using again (17) in the temporal and radial
sectors, we arrive to the solution of the line element (22)
as
ds2 = −C(x)dt2 + dx
2
f2RC(x)
+ z2(x)dΩ2 , (25)
where we have introduced the dimensionless radial func-
tion z(x), which is implicitly defined via Eq.(23)2, while
the function C(x) can also be conveniently written in
terms of this radial coordinate function as
C(z) =
1
fR
(
1− 1 + δ1G(z)
δ2 z f
1/2
R
)
. (26)
In this metric function we have introduced the two main
constants characterizing this problem as
δ1 =
r3c
2 l2β rS
=
(54pi)3/4
2 rS
√
r3q
lβ
(27)
δ2 =
rc
rS
, (28)
where rS ≡ 2M0 is Schwarzschild’s radius, while the func-
tion G(z) in (26) is obtained in terms of its derivative as
Gz(z) =
z2
f
3/2
R
(
f˜ +
κ2ϕ˜
4pi
)
(fR + z fR, z) , (29)
and has contributions from the f(R) sector as
f˜ ≡ l2β f =
2
9pi
τ4(z)
(
1 +
α˜
2
τ4(z)
)
(30)
fR = 1 + α˜ τ
4(z) , (31)
where α˜ ≡ 4α/(9pil2β), and from the NED model as
ϕ˜ ≡ l2β ϕ =
τ2(z)
6pi
(
1 +
2
3
τ(z)
)
(32)
τ(z) = Sinh h(z) (33)
h(z) =
1
3
ln
[
1
z2
(
1 +
√
z4 + 1
)]
. (34)
2 In an abuse of notation, here we have introduced an implicit
factor rc inside x as x→ x rc, so Eq.(23) reads x2 = z2fR.
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Figure 1. The radial function z(x) in Eq.(23) for the case
α˜ < 0 and values |α˜| = 0.2 (green), |α˜| = 0.5 (orange) and
|α˜| = 1.0 (purple). The wormhole throat is located at x = 0
(z = zc as defined in Eq.(37)). As a comparison, we have
plotted the GR case, r2 = x2 (black dashed), for which no
such a bounce in the radial function is present.
In the last set of equations, we have introduced the EH
model in the characterization of the function τ(z) (which
is just the square root of X(z) in Eq.(13) removing the
constants). The line element (25) with the definitions
above is the solution to the problem of electrostatic so-
lutions in quadratic Palatini f(R) gravity coupled to EH
electrodynamics, characterized by two integration con-
stants: the mass M and the electric charge q; and two
new scales: the gravity parameter α and the matter
parameter β, all of such constants encoded in the two
parameters δ1, δ2. We also point out that this line ele-
ment can be alternatively cast in a more Schwarzschild-
like fashion by introducing the change of coordinates
dx˜2 = f−2R dx
2, though we shall not take this path in
order not to spoil the simple representation of the func-
tion z(x) in Eq.(23).
In the asymptotic limit, z → ∞, one can verify that
fR ≈ 1+ α˜81z8 while the function Gz in Eq.(29) boils down
to
Gz ≈ 1
54piz2
− 1
729piz6
+O
( α
z10
)
, (35)
which inserted in the metric function (26) and after
spelling out the constants δ1, δ2 yields the result
C(r) ≈
r→∞ 1−
rS
r
+
q2
r2
− βq
4
5r6
+O
( α
z10
)
, (36)
where we have taken units such that κ2 = 8pi. The first
three terms in this expression correspond to the Reissner-
Nordstro¨m black hole of GR, while the next term is the
correction from EH electrodynamics. The corrections in-
troduced by f(R) gravity appear only at order tenth,
which should not come as a surprise, since the new grav-
itational dynamics encoded in the theory arise only in the
innermost region of the solution, as we shall see next.
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Figure 2. Plot of the dimensionless coordinate z as a function
of x for the case α˜ > 0. Same notation as in Fig. 1.
B. Properties of the solution: radial function
We begin now our analysis of the most relevant features
of these solutions by considering the behaviour of the
radial function z (x) in (23). From (31) and the positivity
everywhere of τ (z), one finds that for α˜ < 0 the function
fR will vanish at a certain z = zc with
zc =
√
2 a
a2 − 1 , (37)
where we have introduced the new constant
a = exp
{
3 ArcSinh
(
|α˜|−1/4
)}
. (38)
Unfortunately, Eq.(23) does not admit a closed expres-
sion for z = z (x) in its full domain of definition, but it is
easy to see that at z = zc one has x = 0 and beyond this
point the radial function bounces off to another asymp-
totically flat region of space-time (see Fig.1). Therefore,
the area of the two-spheres S = 4piz2 is bounded from
below, and the space-time consist of two patches of the
radial function z ∈ [zc,∞) or a single one in terms of
the radial coordinate x ∈ (−∞,+∞). The natural inter-
pretation for this bouncing behavior and minimum areal
function is that of a wormhole structure [47], with z = zc
representing its throat. The size of the latter grows with
|α˜|, while it closes in the limit |α˜| → 0, corresponding to
GR.
In the α˜ > 0 case, things are far less interesting. In-
deed, in such a case fR has not zeros and the radial func-
tion z(x) does not yield a bounce, but instead generates
two branches of solutions. As depicted in Fig.2, there
is not a smooth transition between these two branches,
and the area of the two-spheres can go all the way down
to vanishing value. The corresponding solutions are pre-
sumably singular and, therefore, we shall no longer con-
sider them here.
6C. Properties of the solution: inner behaviour and
horizons
From now on we shall focus on characterizing the prop-
erties of the branch α˜ < 0, where we have some hope of
finding regular black hole solutions. Since the deviations
as compared to GR solutions are expected to arise in
the innermost region, we need to study the behaviour of
the functions fR and G(z) there. In this sense, a series
expansion of the former using (31) around z = zc, as
defined in (37), yields the result
fR ≈ f1(z − zc) +O(z − zc)2 , (39)
where we have introduced the constant
f1(zc) =
8 coth h(zc)
3 zc
√
z4c + 1
, (40)
with h(z) defined in Eq.(34). As for Gz, it turns out to
be a tougher nut to crack given its involved functional
dependence, but it behaves at z = zc as
Gz ≈ C1(zc)
(z − zc)3/2 +O(z − zc)
−1/2 , (41)
where C1(z) > 0 is a cumbersome function of the con-
stants of the model. Therefore, G(z) ≈ −2C(zc)
(z−zc)1/2 +O(z−
zc)
1/2, which inserted into the expression for the metric
function (26) yields
C(z) ≈ C˜1(zc)δ1
δ2(z − zc)2 +O(z − zc)
−3/2 , (42)
where the new constant C˜1(z) > 0 contains all the contri-
butions in zc. Therefore, we see that the metric function
C(z) diverges always at z = zc, as a consequence of the
poles present in the fR factor and also in the G(z) func-
tion. Moreover, due to the positivity of C˜1(z), δ1 and
δ2 in this expression, one finds that this divergence goes
always to +∞ which, together with the asymptotically
flat character of the solutions, as given by (36), provides
the structure of horizons for these solutions. Indeed, as
depicted in Fig.3, this structure resembles the one of the
Reissner-Nordstro¨m solution of GR, namely, two-horizon
black holes, extreme black holes (with a single degener-
ated horizon) and naked configurations. However, a sys-
tematic classification of the values of {|α˜|, δ1, δ2} yielding
any such configurations are hard to find, and require in-
stead direct inspection case-by-case. We also see that the
single horizon black holes of the EH electrodynamics in
GR have been lost, due to the modifications on the ge-
ometry caused by the presence of the wormhole throat at
a finite distance zc.
D. Properties of the solution: geodesic behaviour
and regularity
To gain deeper knowledge on the innermost geometry
of these solutions let us study their geodesic structure.
1 2 3 4 5
z
-1.0
-0.5
0.5
1.0
C(z)
Figure 3. Numerical integration of the metric function C(z)
in Eq.(26) for the branch α˜ < 0 and the choices of |α˜| =
5, δ2 = 1/2 and three values of δ1 = 50 (purple), δ1 ≈ 85
(blue) and δ1 = 120 (red), corresponding to black holes with
two horizons, extreme black holes, and naked configurations,
respectively. All solutions are asymptotically flat, C(z) ≈
z→∞
1. The vertical dotted line represents the wormhole throat
z = zc, to which all curves converge.
For any spherically symmetric space-time with line ele-
ment (22) the geodesic equation may be written as [48]
C
B
(
dx
du
)2
= E2 − V (x) , (43)
where we have introduced the effective potential
V (x) = C(x)
(
−k + L
2
r2(x)
)
. (44)
Here, u is the affine parameter (the proper time for
a time-like observer), k = −1, 0 for time-like and null
geodesics, respectively, while E and L are the total en-
ergy and angular momentum per unit of mass for time-
like observers, respectively. For spherically symmet-
ric space-times in Palatini f(R) gravity, from (25) the
geodesic equation (43) takes the form
1
f2R
(
dx
du
)2
= E2 − V (x) . (45)
It is convenient to rewrite the above equation in terms of
the dimensionless radial function z(x) by using Eq. (23)
and its derivatives. This allows to write the following
form of the geodesic equation
du˜
dz
= ±
1 + z fR,z2 fR
f
1/2
R
√
E2 − C(z)
(
−k + L2r2cz2(x)
) , (46)
where we have re-scaled the affine time parameter as u˜ =
u/rc, and the +(-) sign corresponds to ingoing (outgoing)
geodesics. For radial null geodesics (k = 0 and L = 0),
the above differential equation becomes
E
du˜
dz
= ±
1 + z fR,z2 fR
f
1/2
R
. (47)
7At large distances, z  1, where fR → 1, this equation
can be integrated as Eu˜ ' ±z, which is the expected
GR behaviour, in agreement with the fact that in this
limit the f(R)-EH solution boils down to the Reissner-
Nordstro¨m one. However, departures are expected as the
wormhole throat z = zc is approached. Indeed, using the
expansion of fR in Eq. (39) we can easily integrate this
expression around z = zc as
Eλ˜(z) ≈ ∓
√
8/3 zc
f1(zc)
1√
z − zc . (48)
From this expression it is readily seen that the affine
parameter λ˜(z) diverges to ±∞ as the wormhole throat
z = zc is approached (see Fig. 4). This implies that
null radial geodesics require an infinite affine time to
get to (or to depart from) the wormhole throat which,
consequently, lies on the future (or past) boundary of
the space-time3. This way, as opposed to the Reissner-
Nordstro¨m space-time where null radial geodesics get to
r = 0 in finite affine time without any possibility to fur-
ther extension beyond this point, they are complete in the
geometry explored in this section. We point out that this
mechanism for the removal of geodesic incompleteness via
the displacement of any potentially pathologically region
to the boundary of the space-time has been discussed
in detail in Refs.[50, 51] on very general grounds, and
explicitly implemented in other settings within Palatini
theories of gravity [52–54].
For null geodesics with L 6= 0 and for time-like
geodesics, the fact that C(x) diverges to +∞ at z = zc,
implies that any such geodesics approaching the worm-
hole throat will see an infinitely repulsive potential bar-
rier, as given by (44), and will bounce off at a certain
radius given by the vanishing of the denominator of (46),
thus not being able to get to the wormhole throat. Conse-
quently, these geodesics are complete in pretty much the
same way as in their Reissner-Nordsto¨m counterparts.
The bottom line of this discussion is the null and time-
like geodesic completeness of the full spectrum of solu-
tions (in terms of mass and charge) of quadratic f(R)
gravity with EH electrodynamics in the α˜ < 0 branch.
Even though one should not worry about the effects of
curvature at the wormhole throat, since that region can-
not be reached by any observer, a quick computation
revels the existence of curvature divergences there of size
K ≡ KαβγδKαβγδ ∼ 1/(z − zc)2, which is nonetheless
much weaker than in their GR counterparts K ∼ 1/r8.
3 In some sense this means that we have half a wormhole, in that
the region x > 0 (x < 0) is not accessible to observers living in
the region x < 0 (x > 0).
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Figure 4. The affine parameter E · u˜(z) versus the dimen-
sionless radial coordinate z for ingoing (blue) and outgoing
(orange) null radial geodesics. The vertical dashed purple
line corresponds to the wormhole throat, z = zc, while the
black dashed lines correspond to null radial geodesics in GR.
IV. EIBI GRAVITY
A. Derivation of the solution
The action of EiBI gravity can be written as (for a
review of this theory see [49])
SEiBI = 1
κ2
∫
d4x
[√
−|gµν + Rµν | − λ
√−g
]
, (49)
where  is a parameter with dimensions of length squared.
In its weak-field limit, |Rµν |  −1, the theory reduces to
GR with an effective cosmological constant, Λeff =
λ−1
 ,
while higher order curvature corrections are suppressed
by powers of . For EiBI gravity, the Einstein-frame met-
ric appearing in (3) is given by qµν = gµν + Rµν , while
the deformation matrix Ωµν can be determined via the
algebraic expression
|Ωˆ|1/2(Ωµν)−1 = λ δµν − κ2Tµν . (50)
This relation shows that the deformation matrix inherits
also in this case the structure in 2×2 blocks of the stress-
energy tensor defined in Eq. (7). Thus, we are allowed
to write an ansatz for Ωµν as
Ωµν =
(
Ω+ Iˆ2×2 0ˆ 2×2
0ˆ 2×2 Ω− Iˆ2×2
)
, (51)
where the components of the matrix can be found by sub-
stituting them into Eq.(50) and solving the corresponding
equations as
Ω+ = λ− κ2T θθ = λ− κ
2
8pi
ϕ , (52)
Ω− = λ− κ2T tt = λ− κ
2
8pi
(ϕ− 2XϕX) . (53)
8The gravitational field equations in this case are written
as
Rµν(q) =
1


Ω+ − 1
Ω+
Iˆ2×2 0ˆ2×2
0ˆ2×2
Ω− − 1
Ω−
Iˆ2×2
 . (54)
Considering the line element in (18) and following the
same steps done in the previous section, besides taking
into account the relation (3) between metrics, which im-
plies the following relation between radial coordinates
x2 = z2Ω−(z) , (55)
together with Eq.(50) leads to the expression for the mass
function
Mr =
r2
2 
(Ω− − 1) Ω−1/2
(
1 +
rΩ−,r
2 Ω
1/2
−
)
. (56)
Moreover, following a similar procedure and notation as
in the f(R) gravity case, we find the line element for the
gµν metric as
ds2 = −C(x) dt2 + dx
2
Ω2+ C(x)
+ z2(x) dΩ2 , (57)
where the metric function now satisfies
C(z) =
1
Ω+
(
1− 1 + δ1G(z)
δ2 zΩ
1/2
−
)
. (58)
Here, we have introduced the following definitions: the
metric is parameterized in terms of two constants defined
as
δ1 =
r3c
rS 
=
3
2
(
3
2pi
)1/4
1
l2 rS
√
r3q
lβ
, (59)
δ2 =
rc
rS
, (60)
where we have redefined the EiBI parameter as l2 =
 /(12pi l2β), which is the analog of α˜ in the f(R) case.
These two parameters encode the two integration con-
stants, rS and r
2
q , and the two gravity and model param-
eters, l2 and l
2
β , likewise in the f(R) case. As for the
G(z) function, it is obtained via
Gz(z) = z
2(Ω− − 1) Ω1/2−
(
1 +
zΩ−, z
2 Ω−
)
. (61)
and the contributions on the Ω± factors read
Ω+ = λ− l2 τ2(z)
(
1 +
2 τ2(z)
3
)
, (62)
Ω− = λ+ l2 τ
2(z) (1 + 2 τ2(z)) , (63)
where we recall that τ(z) is defined in Eq.(33). The line
element written in (57) is the electrostatic solution of
EiBI gravity coupled to EH electrodynamics. Like in the
f(R) case, one could transform the line element (57) into
a Schwarzschild-like form via the change of coordinates
dx˜2 = dx
2
Ω2+
, but again we shall not follow that path in
order not to spoil the simple representation (55) of the
radial function. From now on, we will consider asymp-
totically flat solutions, λ = 1.
Let us now first analyze the asymptotic limit of the
functions in the line element (57). For z → ∞, one has
z2 ≈ x2, and the deformation metric components behave
as
Ω± ≈ 1∓ l
2

9z4
+O
(
1
z
)8
. (64)
Here, the gravitational sector contributes to the line el-
ement in a lower power of z in comparison to the f(R)
case because Ω− has a power in τ(z). As a consequence,
the gravitational corrections appear earlier in the metric
component C(z). Expanding the function Gz in (61) we
get
Gz ≈ l
2

9z2
−  (9 l
2
 + 4)
486z6
+O
(
1
z
)10
. (65)
Replacing the above expressions into the metric compo-
nent (58) and reverting back to the original variables
leads to
C(r) ≈
r→∞ 1−
rS
r
+
q2
r2
+
 rSq
2
2 r5
− (β + 4) q
4
5 r6
+O
(
1
r
)10
,
(66)
The first three terms in this expression correspond to the
Reissner-Nordstro¨m solution, as expected. The fourth
one introduces a sort of interaction between mass and
charge fueled by the EiBI gravity dynamics, while the last
two terms are pure corrections in EH electrodynamics
(obviously identical to the one written in Eq.(36)) and in
EiBI gravity, respectively.
B. Properties of the solution: radial function
As in the f(R) case, we now look for the minimum
of the radial function z(x) via the relation (55). Using
the expression (63) it is clear that the zeros of Ω− will
only occur in the branch l2 < 0 and, therefore, we shall
restrict our attention to this branch from now on. The
values of z(x) for which the zeros of Ω− are attained can
actually be written in an identical form as Eq. (37), but
now with
a = exp
3 ArcSinh
1
2
√√√√√ |l2 |+ 8
|l2 |
− 1

 . (67)
As it is depicted in Fig. 5, at this point the radial
function z(x) takes its minimum value and bounces off,
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Figure 5. The dimensionless radial function z(x) for the case
l2 < 0. The orange curve represents |l2 | = 0.2, the green
|l2 | = 0.01 and the purple |l2 | = 1. The blue and black curves
represent the case of Maxwell electrodynamics with |l2 | = 0.5
and rq = 0.5, and of GR, respectively.
again representing a wormhole structure with z = zc the
location of its throat. For completeness, we have also
plotted in Fig. 6 the behaviour of z(x) in the branch
l2 > 0, where no wormhole is present and the space-
time splits into two disconnected pieces in the x > 0 and
x < 0 regions. Therefore, these two structures are similar
to those found in the f(R) case above, but their effects
in the geometry of the corresponding space-times yield
large differences, as we shall see next.
C. Properties of the solution: inner behavior and
horizons
To study the behavior of the metric functions on the
innermost region and, in particular, at the wormhole
throat, we begin by expanding the relevant functions
around z ≈ zc. For the Ω± functions in (52) and (53)
with the expression (14) we find
Ω+ ≈ ω+(zc) +O(z − zc) , (68)
Ω− ≈ ω−(zc)(z − zc) +O(z − zc)2 , (69)
where we have introduced the constants
ω+(zc) =
2
3
(sech 2h(zc) + 2) , (70)
ω−(zc) =
4
3
(tanh 2h(zc) + cothh(zc))
zc
√
z4c + 1
, (71)
and we recall that h(zc) is defined in Eq.(34). The ex-
pansion of the function Gz in Eq.(61) becomes
Gz ≈ C2√
z − zc +O(z − zc)
1/2 , (72)
where the constant C2 = z
3
cω
1/2
− /2. Upon integration,
this yields the result
G(z) ≈ − 1
δc
+ 2C2
√
z − zc +O(z − zc)3/2 , (73)
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Figure 6. The radial function z for the case l2 > 0. Same
notation as in Fig. 5.
where δc(zc) > 0 is a constant needed to match the inner
and asymptotic expansions of G(z), and whose explicit
dependence on its argument is very cumbersome, though
for our analysis only its positivity is relevant. Plugging
the expansions (68), (69) and (73) in the expression (58),
we arrive at the behaviour of the metric components:
gtt ≈ −
3
(
1 + 2τ2c
)
(δ1/δc − 1)
2 zcδ2 (3 + 4 τ2c )ω
1/2
−
√
z − zc
(74)
+
3
(
δ2 − δ1z2c
)
2 δ2(2 + sinh 2h(zc))
+O(z − zc)1/2 ,
grr ≈
3 zc δ2 ω
1/2
− cosh 2h(zc)
2(δ1/δc − 1)(3 + 2τc)
√
z − zc +O(z − zc) ,(75)
where τc ≡ τ(zc).
From these expressions we can proceed to classify the
spectrum of solutions in terms of their horizon structure.
Indeed, a glance at the expansion (74) shows that such
a classification can be performed according to the ra-
tio δ1/δc, since it controls the sign of the divergence of
the metric function C(z) at z = zc. Thus, if δ1/δc < 1
then C(zc) → −∞, and the corresponding solutions are
Schwarzschild-like black holes with a single horizon. On
the contrary, when δ1/δc > 1, then C(zc)→ +∞ and one
finds configurations with the same structure as the one of
the Reissner-Nordstro¨m solution of GR: black holes with
two horizons, extreme black holes, or naked configura-
tions, depending on the value of the constant δ2. More-
over, special configurations are found when δ1 = δc since
in such a case, replacing first this constraint in the metric
functions of the line element (57) and expanding in series
of zc makes the first term in Eq.(74) to go away and only
the finite contribution at z = zc remains. Consequently,
the corresponding configurations are Minkowski-like so-
lutions with either a single non-degenerate horizon or
none, depending on the value of δ2 ≷ δ1z2c . It should be
pointed out that the Schwarzschild/Reissner-Nordstro¨m-
like structure of horizons resemble the original one of the
EH electrodynamics within GR: while in the latter it is
the comparison between the total mass of the space-time,
M , and the total (finite) energy stored in the electro-
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Figure 7. The metric function C(z) in Eq.(58) for l2 = −1 (for
which δc ≈ 3.260) and the choices of {δ1 = 1, δ2 = 1/3} (blue),
{δ1 = 5, δ2 = 1/3} (violet), {δ1 = 5, δ2 ≈ 0.4675} (green) and
{δ1 = 5, δ2 = 1} (red), corresponding to Schwarzschild-like
black holes with a single horizon, and the three Reissner-
Nordsto¨m like configurations: black holes with two horizons,
extreme black holes, and naked solutions, respectively. The
two orange lines starting from a finite value of C(z) at z = zc
are Minkowski-like configurations (δ1 = δc) with a single hori-
zon (δ2 = 0.6) or none (δ2 = 1.5). All solutions are asymp-
totically flat, C(z) ≈
z→∞
1. The vertical dotted line represents
the wormhole throat z = zc, to which all curves converge.
static field the one playing the role in classifying such
a structure, here is the ratio δ1/δc instead. However,
the Minkowski-like configurations are a novel feature of
these Palatini space-times, having no counterpart in the
Einstein-EH system.
D. Properties of the solution: geodesic behaviour
and regularity
For EiBI gravity with spherically symmetric solutions
of the kind studied here, the geodesic equation (43) can
be cast, taking into account the line element (57), as
1
Ω2+
(
dx
du
)2
= E2 − V (x) , (76)
with the same notation and conventions as in the f(R)
case above. Again, for null radial geodesics it is more use-
ful to write this equation in terms of the radial function
z. To this end, we take a derivative in Eq.(55), which
allows to cast (76) in such a case as
± Edu˜ = Ω
1/2
−
Ω+
(
1 +
zΩ−,z
2Ω−
)
dz , (77)
where again ± refer to ingoing/outgoing geodesics. It
seems not possible to obtain a integration of this equation
to find a closed expression for u˜(z(x)) everywhere, but
we can resort to series expansions around the wormhole
throat z = zc. A glance at Eqs.(68) and (69) reveals that
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-0.5
0.5
1.0
1.5
E u˜
Figure 8. The affine parameter E · u˜(x) versus the radial
coordinate x for null radial geodesics. The green curve cor-
responds to |l2 | = 0.01, the blue curve to |l2 | = 1, and the
orange to |l2 | = 0.2. The black dashed line corresponds to
the GR behaviour, where these geodesics end at x = 0 and
are therefore incomplete. At the wormhole throat the affine
parameter obeys (79) and can be smoothly extended across
x = 0.
Ω+ is there just a constant that will have no impact in
the behaviour of the solutions, while Ω− contains the key
factor in (z−zc). Thus, a little algebra allows to find the
expansion of (77) at z = zc as
± Edu˜ ≈ ω
1/2
− zc
2ω+
1√
z − zc . (78)
This can be right away integrated as
± E(u˜− u˜0) ≈
ω
1/2
− zc
ω+
√
z − zc ≈ x
ω+
+O(x2) , (79)
where in the last equation we have made use of the fact
that, using (55) and (69), the radial function can be ex-
panded in series of x as
z ≈ zc + x
2
z2cω−
+O(x4) . (80)
Since the domain of definition of the radial coordinate
x is the entire real line, nothing prevents the affine pa-
rameter in Eq.(79) to cross the wormhole throat and be
indefinitely extended to the asymptotic infinity x = −∞.
This is shown in Fig. 8, where we numerically integrate
the geodesic equation (77) in full range, showing that any
such geodesic starting from a certain u˜0 at x = +∞ de-
parts from the GR behaviour as the wormhole throat,
x = 0, is approached, and continues its path to an-
other asymptotically flat region of space-time, x = −∞.
Therefore, null radial geodesics are complete in this ge-
ometry.
For time-like geodesics and for null non-radial
geodesics, one needs to analyze the behavior of the ef-
fective potential according to the expansion of the met-
ric function at z = zc (x = 0), as follows from Eq.(74).
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Using the expansion (74) this reads
Veff ≈ − a|x| − b+O(x) , (81)
with the constants
a =
3(1 + 2τ2c )(δc − δ1)
2 δ2δc (3 + 4 τ2c )
(
−k + L
2
r2cz
2
c
)
, (82)
b =
3
(
δ2 − δ1z2c
)
2 δ2(2 + sinh 2h(zc))
(
−k + L
2
r2cz
2
c
)
. (83)
Indeed, likewise the structure of horizons, the fate of any
such geodesic depends on the ratio δ1/δc.
For Schwarzschild-like configurations, δ1 < δc, the po-
tential (81) is infinitely attractive and, therefore, any
such geodesic crossing the event horizon of these config-
urations will unavoidably get to the wormhole throat in
finite affine time. At such a point the geodesic equation
(76) behaves as
du˜
dx
=
|x|1/2
ω+a1/2
+O(x3/2)→ u˜(x) = 2x|x|
3/2
3ω+a1/2
+O(x5/2) .
(84)
As the coordinate x extends over the whole real axis, it
is clear that these geodesics can be naturally extended
across x = 0 and will be therefore complete for any
values of the parameters of the model within the con-
straint δ1 < δc. It should be stressed that, despite the
geodesically complete character of these space-times, any
extended observer crossing the wormhole throat will find
curvature divergences of size K ∼ 1/(z−zc)3 there, which
are much weaker than their GR counterparts, K ∼ 1/r8.
Therefore, one might wonder what would be the fate of
any such observer undergoing arbitrarily large tidal forces
as it crosses the wormhole throat. This question has been
raised in other geodesically complete space-times similar
to the one found here, requiring a detailed analysis upon
congruence of geodesics and their effects on extended ob-
servers [55], which lies beyond the scope of this paper.
For Reissner-Nordstro¨m-like configurations, δ1 > δc,
the effective potential (81) flips sign and it is infinitely
repulsive at z = zc. Therefore, any of these geodesics will
bounce at some z > zc and will continue its path within
the x > 0 (or x < 0) region, which is the same behaviour
as the one found in the Reissner-Nordstro¨m solution of
GR.
Finally, for Minkowski-like configurations, δ1 = δc,
one has a = 0 and the potential goes to a constant as
Veff ≈ −b+ c(zc)x2, where c(zc) > 0 is a constant with
an involved dependence on zc. Therefore, any particle
with energy E above the maximum of this potential will
be able to get to the wormhole throat. At that point, its
affine parameter will behave as
λ˜(x) ≈ x√
b+ E2
+O(x3) , (85)
and therefore will find no impediment to continue its
trip to the x < 0 region. Moreover, as opposed to the
Schwarzschild-like and Reissner-Nordstro¨m-like configu-
rations, in this case curvature scalars are all finite at the
wormhole throat.
In summary, we have shown that all null and time-like
geodesics in these geometries (in the branch l2 < 0) are
complete, no matter the values of mass and charge of
the solutions or the value of the EH scale. The mech-
anism is, however, different from the f(R) case, in that
now the wormhole throat is accessible to different sets
of geodesics, but all of them can be smoothly extended
across the region x = 0. Therefore, these geometries rep-
resent nonsingular space-times.
V. CONCLUSION AND DISCUSSION
In this work we have considered two families of gravi-
tational theories extending GR, namely, quadratic f(R)
gravity and Eddington-inspired Born-Infeld gravity, both
formulated in metric-affine spaces and coupled to Euler-
Heisenberg electrodynamics. These two gravity theories
have been chosen due to the different way the new dy-
namics is fed by the matter fields: in the f(R) case the
new effects in the gravitational sector are oblivious to
anything but to the trace of the stress-energy tensor,
while in the EiBI case they are sensible to its full con-
tent. The static, spherically symmetric solutions for both
settings were found starting from the Einstein-like rep-
resentation of the field equations. Such solutions sug-
gested that only a branch of them, corresponding to a
certain combination of the signs of the gravity and mat-
ter parameters, may hope to yield nonsingular solutions.
Therefore, we focused on the characterization of such a
branch according to the behaviour of the metric func-
tions on the innermost region of the geometries, on the
horizon structure, and on the completeness of geodesics.
The main conclusion of this analysis is that both set-
tings do yield null and time-like geodesically complete
space-times for all the spectrum of mass and charge of
the corresponding solutions, provided that the aforemen-
tioned constraint on the signs of the parameters is met.
While in both cases the singularity-regularization is pos-
sible thanks to the presence of a wormhole structure, the
mechanisms for the completeness of geodesics differ. In
the f(R) gravity case, which has the same structure of
horizons as in the Reissner-Nordstro¨m solution of GR,
the central region is pushed to an infinite affine distance,
so null radial geodesics would take an infinite time to
get there, while for time-like geodesics or null non-radial
geodesics the presence of an infinitely repulsive potential
near the throat prevents them getting near it. Thus, only
half of the wormhole (which may be covered by two hori-
zons, a single extreme one, or be naked) is available for
travel within the x > 0 and x < 0 regions.
As opposed to the f(R) case, for EiBI gravity the
throat can be reached in finite affine time by some sets
of observers, depending on the ratio δ1/δc, which classi-
fies the corresponding configurations in terms of hori-
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zons as Schwarzschild-like, Reissner-Norstro¨m-like, or
Minkowski-like. If we focus on Schwarzschild-like con-
figurations, which have a single event horizon, then the
wormhole is a one-way structure, pushing out any ob-
server departed from (say) x > 0 and crossed the event
horizon to the other asymptotic region in finite affine
time. For Reissner-Nordstro¨m-like configurations, no
matter their number of horizons, one finds instead that,
like in their GR counterparts, any time-like observer
could only get as close to the throat as it energy per-
mits (given the existence of the infinite potential bar-
rier), while null radial geodesics would only require a
finite affine to get to the throat and cross it. Finally,
Minkowski-like configurations (with a single horizon or
none) have a finite maximum of its effective potential,
thus allowing any observer whose energy is larger than
it to cross the wormhole throat. Though curvature di-
vergences generally appear at the throat (except in the
Minkowski-like configurations, where curvature scalars
are well behaved everywhere), the fact that they are
much weaker than their GR counterparts, ∼ (z − zc)−3,
together with the lessons from previous research in the
topic showing that extended observers are not necessarily
destroyed in the transit through such regions [56], raises
questions on their true meaning when both the matter
fields and the trajectories of idealized observers are well
behaved.
The results obtained in this work further support the
suitability of some metric-affine theories to get rid of
space-time singularities in a variety of settings with con-
servative modifications of the GR framework. Moreover,
these two basic mechanisms for such a singularity avoid-
ance are shared by several other theories, and in agree-
ment with the results of model-independent analysis in
spherically symmetric space-times [50, 51]. There are
several challenges following these results, such as its com-
patibility with the semiclassical calculations of Hawk-
ing’s radiation and black hole evaporation, the unsettled
issue of topology change raised from the formation of
wormholes, or to what extend these results can be sus-
tained when moving to axially symmetric (rotating) sce-
narios. The latter is of special interest should any effect
of metric-affine gravity able to leak to the near-horizon
scale, in order to address any of the opportunities offered
by multimessenger astronomy. Work along these lines is
currently underway.
ACKNOWLEDGMENTS
MG is funded by the predoctoral contract 2018-
T1/TIC-10431. DRG is funded by the Atraccio´n
de Talento Investigador programme of the Comu-
nidad de Madrid (Spain) No. 2018-T1/TIC-10431,
and acknowledges support from the Fundac¸a˜o para a
Cieˆncia e a Tecnologia (FCT, Portugal) research grants
Nos. PTDC/FIS-OUT/29048/2017 and PTDC/FIS-
PAR/31938/2017, the spanish projects FIS2014-57387-
C3-1-P and FIS2017-84440-C2-1-P (MINECO/FEDER,
EU), the project SEJI/2017/042 (Generalitat Valen-
ciana), and PRONEX (FAPESQ-PB/CNPQ, Brazil).
This article is based upon work from COST Actions
CA15117 and CA18108, supported by COST (European
Cooperation in Science and Technology).
[1] P. Joshi, “Gravitational collapse and space-time singular-
ities” (Cambridge University Press, 2007).
[2] A. Heger, C. Fryer, S. Woosley, N. Langer and D. Hart-
mann, Astrophys. J. 591 (2003) 288.
[3] H. Stephan et al., “Exact Solutions of Einstein’s Field
Equations” (Cambridge University Press, 2003).
[4] M. Zajacek and A. Tursunov, [arXiv:1904.04654 [astro-
ph.GA]].
[5] C. Bambi, Annalen Phys. 530 (2018) 1700430.
[6] C. Bambi, [arXiv:1906.03871 [astro-ph.HE]].
[7] B. P. Abbott et al. [LIGO Scientific and Virgo Collabo-
rations], Phys. Rev. Lett. 116 (2016) 061102.
[8] B. P. Abbott et al. [LIGO Scientific and Virgo Collabo-
rations], Phys. Rev. Lett. 119 (2017) 161101.
[9] K. Akiyama et al. [Event Horizon Telescope Collabora-
tion], Astrophys. J. 875 (2019) L1.
[10] R. M. Wald, “General Relativity” (The University of
Chicago Press, 1984).
[11] R. Penrose, Phys. Rev. Lett. 14 (1965) 57; R. Penrose,
Nuovo Cimento 1 (1969) 252; Gen. Relativ. Gravit. 34
(2002) 1141.
[12] S. W. Hawking, Phys. Rev. Lett. 17 (1966) 444.
[13] J. M. M. Senovilla and D. Garfinkle, Class. Quant. Grav.
32 (2015) 124008.
[14] R. Penrose, J. Astrophys. Astron. 20 (1999) 233.
[15] D. Oriti (Ed), “Approaches to quantum gravity” (Cam-
bridge University Press, 2009).
[16] A. De Felice and S. Tsujikawa, Living Rev. Rel. 13 (2010)
3.
[17] S. Capozziello and M. De Laurentis, Phys. Rept. 509
(2011) 167.
[18] E. Berti et al., Class. Quant. Grav. 32 (2015) 243001.
[19] G. J. Olmo, Int. J. Mod. Phys. D 20 (2011) 413.
[20] J. Beltra´n Jime´nez, L. Heisenberg and T. S. Koivisto,
Universe 5 (2019) 173.
[21] A. A. Starobinsky, Phys. Lett. B 91 (1980) 99.
[22] M. Banados and P. G. Ferreira, Phys. Rev. Lett. 105
(2010) 011101; Erratum: [Phys. Rev. Lett. 113 (2014)
119901].
[23] E. Ayon-Beato and A. Garcia, Phys. Rev. Lett. 80 (1998)
5056.
[24] K. A. Bronnikov, Phys. Rev. D 63 (2001) 044005.
[25] I. Dymnikova, Class. Quant. Grav. 21 (2004) 4417.
[26] L. Balart and E. C. Vagenas, Phys. Rev. D 90 (2014)
124045.
[27] L. Balart and E. C. Vagenas, Phys. Lett. B 730 (2014)
14.
13
[28] I. Dymnikova and E. Galaktionov, Class. Quant. Grav.
32 (2015) 165015.
[29] M. E. Rodrigues, E. L. Junior, G. T. Marques and
V. T. Zanchin, Phys. Rev. D 94 (2016) 024062.
[30] S. Nojiri and S. Odintsov, Phys. Rev. D 96 (2017)
104008.
[31] S. Chinaglia and S. Zerbini, Gen. Rel. Grav. 49 (2017)
75.
[32] M. E. Rodrigues and M. V. de Silva, JCAP 06 (2018)
025.
[33] M. E. Rodrigues and M. V. de Silva, Phys. Rev. D 99
(2019) 124010.
[34] W. Heisenberg, H. Euler, Z. Phys. 120 (1936) 714.
[35] A. Dobado, A. Go´mez-Nicola, A. L. Maroto, and J. R.
Pela´ez, “Effective Lagrangians for the Standard Model”
(Springer, Berlin, 1997).
[36] H. Yajima and T. Tamaki, Phys. Rev. D 63 (2001)
064007.
[37] R. Ruffini, Y. B. Wu and S. S. Xue, Phys. Rev. D 88
(2013) 085004.
[38] N. Breto´n, C. Lammerzahl and A. Mac´ıas, Class. Quant.
Grav. 36 (2019) 235022.
[39] K. Bronnikov, Phys. Rev. Lett. 85 (2000) 4641.
[40] V. I. Afonso, C. Bejarano, J. Beltra´n Jime´nez, G. J. Olmo
and E. Orazi, Class. Quant. Grav. 34 (2017) 235003.
[41] J. Beltra´n Jime´nez and A. Delhom, Eur. Phys. J. C 79
(2019) 656.
[42] J. Beltra´n Jime´nez and A. Delhom, [arXiv:2004.11357
[gr-qc]].
[43] V. Afonso, G. J. Olmo and D. Rubiera-Garcia, Phys.
Rev. D 97 (2018) 021503.
[44] J. S. Schwinger, J. Phys. Rev. 82 (1951) 664.
[45] S. Kruglov, Mod. Phys. Lett. A 32 (2017) 1750092.
[46] M. B. J. Poshteh and N. Riazi, [arXiv:2002.05186 [hep-
th]].
[47] M. Visser, “Lorentzian wormholes” (Springer-Verlag,
1995).
[48] G. J. Olmo, Springer Proc. Phys. 176 (2016) 183.
[49] J. Beltran Jimenez, L. Heisenberg, G. J. Olmo and
D. Rubiera-Garcia, Phys. Rept. 727 (2018) 1.
[50] R. Carballo-Rubio, F. Di Filippo, S. Liberati and
M. Visser, [arXiv:1908.03261 [gr-qc]].
[51] R. Carballo-Rubio, F. Di Filippo, S. Liberati and
M. Visser, Phys. Rev. D 101 (2020) 084047.
[52] C. Bambi, A. Cardenas-Avendano, G. J. Olmo and
D. Rubiera-Garcia, Phys. Rev. D 93 (2016) 064016.
[53] C. Bejarano, G. J. Olmo and D. Rubiera-Garcia, Phys.
Rev. D 95 (2017) 064043.
[54] J. Nascimento, G. J. Olmo, P. Porfirio, A. Petrov and
A. Soares, Phys. Rev. D 99 (2019) 064053.
[55] G. J. Olmo, D. Rubiera-Garcia and A. Sanchez-Puente,
Eur. Phys. J. C 76 (2016) 143.
[56] G. J. Olmo, D. Rubiera-Garcia and A. Sanchez-Puente,
Class. Quant. Grav. 33 (2016) 115007.
